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$1. INTRODUCTION 
LET cpr : M -+ M be an Anosov flow on a compact Riemannian manifold. This means [9] 
that there is a continuous cp,-invariant splitting of the tangent bundle of M, TM = 
E” @ E” @ Er, where Er is the line bundle tangent to the orbits of the flow and Es and E” 
are contracted and expanded, respectively, by cp*. Specifically, there exist C > 0, /z > 0 such 
that for all X, E E”, t > 0, 
llrp, * CXJII I Cexp(-~~N~,/1. (1) 
A similar condition holds for E” but with t > 0. qr is said to be codimension-one Anosov 
if E” or E” is one-dimensional. Let z,(M) denote the fundamental group of M. A finitely 
generated group is said to have exponential growth if given a finite set of generators the 
function T(n) = (number of distinct group elements of word-length <n) dominates A exp(an) 
for some real numbers A > 0, a > 0. This definition is independent of the set of generators, 
and is equivalent to the function p(r) = (number of homotopically distinct paths in M of 
length Ir) dominating B exp(br) for some real numbers B > 0, b > 0, in the case the 
group is the fundamental group of a manifold M. The object of this note is to prove the 
following 
THEOREM. If rp, :M ---* M is a codimension-one Anosov~¶ow then q(M) has exponential 
growth. In fact, P(r) 2 B exp(J.r/2a), where o = sup, E M II@‘,(x) jl and B is some real number. 
This result is given by Margulis in the appendix of [2] in the case dim(M) = 3. It is 
natural to conjecture that this result is true for all Anosov flows. 
$2. PROOF OF THEOREM 
We begin by fixing some notation. Assume, without loss of generality, that dim(E’) = 1. 
(Otherwise, reverse the direction of the flow.) E” is not necessarily C’ [S], but is uniquely 
integrable [I, 61. For x E M we denote by W=(x) the integral manifold of E” through x. 
Let qr denote the unit-speed continuous flow along W”“. The invariant bundle E” @ ET is, 
in this case, C’ [j] and we denote by W”(x)(x E M) its integral manifolds. Let N c M be a 
minimal set for the flow qt and take x0 EN to be the basepoint. Let D c W’(x,) be a 
smoothly embedded closed disk containing x,, as an interior point. There is a smallest 
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positive t, such that v~,(x,,) E D. Inductively, given t,_,, define t, to be the smallest t > t,_, 
such that q,(.Q E D. 
LEMMA 1. There exists L > 0 such that t, - t,_, < L for all n E Z’. 
Proof. Since ~(1 N is minimal, given E > 0 there e?tists L, such that for each z E N the 
set (V,(Z) IO I t I L,} intersects the c-neighborhood of every .Y E N [7, p. 3751. Choose E so 
that if n(x, x0) <E then {am] t E [-a, 61) n D # @ for some 6 > 0. L = L, + 26 satisfies 
the requirements of the lemma. 
Now define loops yn = a, * /I, where TX, goes from x0 to v~,(_Y~) along the qt orbit and 
the image of /I,, lies in D and goes from qr,(xO) to x0). (We assume that the length of /?, 
is bounded by a constant independent of n.) 
LEMMA 2. y, 2: y,,, on/y if n = m. 
Proof. Suppose, on the contrary, that y” 2: y,,, where n > m. Thus, p,,,-l * %,,,-I * c(, * 
j?, N 0. X,-l * LY, is homotopic (with endpoints fixed) to the path r*,_,,, along the q,-orbit from 
I,_, to qr,(x,). Now p,,,-’ * a,,,-r * Bfl * U, 1: p,,,-l * Q,_, * /?, and the latter is homotopic 
to a closed transversal to the IV”-foliation. Since this closed transversal is nullhomotopic 
it spans an immersed disk which may be put in general position with respect to the IV”- 
foliation by arguments in [4]. (See the proof of (5.1).) By a Poincare-Bendixson argument 
(as in (4.2) of [5]) we can find a one-sided limit cycle in the foliation (with singularities) 
induced on the disk. This implies that the IV-foliation has a non-trivial element of holonomy 
which corresponds to a zero element of linear holonomy. But this cannot happen since any 
non-trivial element of holonomy in the IV-foliation is conjugate to (~~1 W”(p) for some 
periodic point p of period T (i.e. (P=(P) = p) and the Jacobian of qT] IV(p) at p is different 
from 1. This contradiction completes the proof of Lemma 2. 
We denote by 1 ct 1 the length of the path a and by E its homotopy class, if it is a closed 
loop. 
LEMMA 3. Let u: [0, l] + M represent any orbit segment of the j?obv q,. Th % is 
homotopic (with endpoints heldfixed) to a path a’ such that 
Ia’1 5 C+ 2(o//l)log]r(. 
Proof. Let 6,. f be the path given by 6,. *(s) = cp,,,(x). We homotope E by letting it flow 
under (Pi, while reeling out tie-lines from the end-points of r to its respective ends-- 
formally, 
c( 2: a,,, t * cpt 0 c( * Sa;fi for every t. 
Now set t = log I a 1 /d and denote the curve on the right by a’. Then by (l), 
151’1 5 a(loglrl/J.) + C]cc]exp(-I log]a]/%) + o(log(~]/~~) 
I c + 2(a/l)log 1% I. 
This proves the lemma. 
LEMMA 4. Let G be anyfinite set of generators for n,(M) where M is a compact Rieman- 
nian manifold. For Cc E q(M) define II(g) to be the minimum length of a word in G representing 
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5 and let I,(E) be the minimum of the lengths of loops in 2. Then there exist k,, kl(O < k, 5 kz) 
such that for erery 5 # e, 
Proof: First note that 1*(E) > 0 for 5 # e. If Cc = gilel .. g,.,‘” with ei = f 1, then 
12(sO I Il(gi,) + ’ ’ + rI(gi,). Let k, = max,(fl(g)). We have I,(?)ll,(Z) I li2. 
To find k, we look at the universal Riemannian covering manifold M. Let K be a 
compact fundamental domain, let the diameter of K be D, and let the diameter of M be d. 
The ball B of radius 3d + D about x0 has finite volume. so there can be at most a finite 
number of images of K contained entirely in B. But any image of K intersecting the ball of 
radius 3d about x0 lies entirely in B. Thus, there are finitely many homotopy classes of loops 
5 with 12(Z) 5 3d. Let k = max It(E). Given a loop r we may partition it (with paths of 
12(i) _< 3d 
length ldfrom the base point) so that r N rl w . . . * rn,, where Iail < 3dandm < /z//d+ 1. 
Now I,(?) I ci’l_ I f,(Ei) I (Irl/d + I)k. Let do = inf{/ B] lb z+ 0} > 0. For c( + O,I z( + rf_< 
(1 + d/do) j r* ( and hence, 
I 1 (CL) 5 (’ + ““‘) Irlk, d 
Taking the infimum over x E Z, we get Ii 2 [(d + do)/d cl,Jf,(@k, or, 
I, (4 d do 
z-->- - [l(E)-d+do~-l=kl. 
The theorem now follows from the Lemmas. By Lemmas I, 2, and 3, 
P(C + 2(o/A)log(nL)) 2 n. 
Thus, for values of r which are arguments of the function P for some II, 
P(r) 2 B exp(riJ2a). 
Now, by adjusting the constant B, we can make this inequality hold for all r, thus proving 
the second statement of the theorem. The first statement follows immediately by Lemma 4. 
$3. FURTHER REMARKS 
In [3], Bowen shows that the number of closed orbits of an Anosov (more generally 
Axiom A) flow grows exponentially with the period. There are examples in which distinct 
closed orbits are in the same free homotopy class; but if an upper bound, or even a low 
growth rate, for the number of distinct closed orbits in a given free homotopy class could 
be found, this would show that the number of conjugacy classes of x1(M) grows exponen- 
tially with the minimum length of a representative. 
An improved estimate can be found for the case the non-wandering set of the Anosov 
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flow is the entire manifold, by estimating the growth rate of disks on leaves of the W”- 
foliation : 
P(r) 2 B exp(i,(n - 2)/o + &/20), where d, and & 
are the constants for the rate of expansion of E” and the rate of contraction of E’, respec- 
tively. 
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